Appendix A

Fourier Transform Tables

We here collect several of the Fourier transform pairs developed in the book,
including both ordinary and generalized forms. This provides a handy
summary and reference and makes explicit several results implicit in the
book. We also use the elementary properties of Fourier transforms to extend
some of the results.

We begin in Tables A.1 and A.2 with several of the basic transforms
derived for the continuous time infinite duration case. Note that both the
Dirac delta d(z) and the Kronecker delta J, appear in the tables. The
Kronecker delta is useful if the argument z is continuous or discrete for
representations of the form h(z) = f(z)d; + g(z)(1 — é;) which means that
h(0) = f(0) and h(z) = g(z) when z # 0.

The transforms in Table A.2 are all obtained from transforms in Ta-
ble A.1 by the duality property, that is, by reversing the roles of time and
frequency.

Several of the previous signals are time-limited (i.e., are infinite duration
signals which are nonzero only in a finite interval) and hence have corre-
sponding finite duration signals. The Fourier transforms are the same for
any fixed real frequency f, but we have seen that the appropriate frequency
domain § is no longer the real line but only a discrete subset. Table A.3
provides some examples.

Table A.4 collects several discrete time infinite duration transforms.
Remember that for these results a difference or sum in the frequency domain
is interpreted modulo that domain.

Table A.5 collects some of the more common closed form DFTs.

Table A.6 collects several two-dimensional transforms.



348

APPENDIX A. FOURIER TRANSFORM TABLES

{6(t —to);t € R}
{6(at +b);t € R}
{o(t);t € R}
{8'(t);t € R}
{Ur(t) =Y om0t —nT); t e R}

{]II(t) teR)
{36+ 3) +4(t~-3))t e R}
{%(6(t+2)_6(t 2));t€R}

{sech(nt);t € R}
{Jo(2nt);t € R}

{

g F(9)
{N@t); t € R} {sinc(f); f € R}
{Or(t); t € R} {2T'sinc(2T f); f € R}
{e7tu_1(t); t € R} {1—+21th, f €R}
{e It te R} {traep: f € R}
{tn(t— 1t e R} {38 + (57 + Syt ) (1= 8); £ € R)
{A(t);t € R} {sinc®(f); f € R}
{e=™";t € R} {e"* f e R}
{e“”z;t € R} {ﬁe_i%ﬁ;f €R}
{sgn(t);t € R} {;,——};f € R}
{u_1(t);t € R} {36(F) - =5 (1=45); f € R}

{e-i27rfto; f = R}
{ﬁre‘“”f%;f €ER}
{L,feR}
{i2nf; f e R}
{7Yr(f); f € R}
{I(f); f € R}
{cos(rf); f € R}
{isin(nf); f € R}

{sech(n f); f € R}
j:? feR|fl<1

0 otherwise

Table A.1: Continuous Time, Infinite Duration



{FHite R}
{e~i2nfot,t € R}

{1;t e R}
{cos(nt);t € R}
{sin(nt);t € R}

{36(t) + 35 (1 - &);t € R}

g F(9)
{sinc(t);t € R} {n(f); f e R}
{sinc?(t);t € R} {A(f); f € R}

{—isgn(f); f € R}
{6(f + fo); f € R}
{o(f); f e R}
{HI(f); f e R}
{iI1(f); f € R}
{u_1(f)i f € R}

Table A.2: Continuous Time, Infinite Duration (Duals)
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Q

F(g)

{nW;tel-3, 91 T21
{A@)ste-5.DhLT22
@ste -1, 9}
{r@yte -4,0)3,17>1
(Iryte -3, 9 T>1

{t; t € [0,1)}

{sinc(f); f € {$; k€ 2}}
{sinc®(f); f € {§;: k€ 2}}
(L, fe{fkez})
{cos(nf); f € {F: k€ 2}}
{isin(rf); f € {§; k € Z}}

{%6k + ﬁ(l -—(5k); ke Z}

Table A.3: Continuous Time, Finite Duration




F(9)

{r"u_i(n);ne Z} (r| <)

{On(n); n€ Z}
{sgn(n); n € Z}

{bn-ne;n € 2}
{6n; n € 2}

{e-27%n; n ¢ Z)

(it T el-5.3)}

sm(27rf(N+ ).
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Table A.4: Discrete Time, Infinite Duration

g F(g)
{r"; n € Zn} {#:f;:l,k,—,\,; ke Zn}
{1; n e ZN} {N(Sk; ke Zy}
{6n; n€ 2Zn} {1; k€ Zn}
{6n-t; n€ 2N} | {e®"%; ke 2y}

Table A.5: Discrete Time, Finite Duration (DFT)
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Function

Transform

]

{exp[-7(z® +y?)); z,y € R}
{N(z) N (y); =,y € R}
{A(z) A(y); =,y € R}

{6(z,9); =,y € R}
{explin(z +y)]; =,y € R}
{sgn(z) sgn(y); z,y € R}

{comb(z) comb(y); z,y € R}

{explin(z®> +y°)]; z,y € R}

{exp[—(lz] + |y])]; =,y € R}

circ(n/z?2 +y?; z,y € R}
vz +y+2; z,ye R}

{exp [-7 (f% + f2)]; fx, fr € R}
sinc(fx) sinc(fy); fx, fy € R}
{sinc®(fx) sinc®(fy); fx, fy € R}
{1 fX;fY € R}

{0(Fx —1/2, fY —-1/2); fx, fr € R}
{mfx urfy’ fX, Yy € R}
comb(fx) comb(fy); fx, fr € R}
iexp [—ir (f% + f7)] fx, fr € R}
{1+(272rfx)’ 1+(212rf,,)2; fx,fr €R}

J1(27|'3£ fx+fy
m i fx, fy € R}

27r7'0.]0(27r1‘0\/fx + fy); ny .fY € R}

Table A.6: Two-dimensional Fourier transform pairs.
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d-response, 253
z transform, 53, 72
2D Fourier transform, 309

DTFT (discrete time finite dura-
tion Fourier transform),
57

absolutely integrable, 96, 104
absolutely summable, 94, 100
additivity

countable, 252
aliasing, 178, 278
almost periodic function, 337
almost periodic signal, 246
alphabet, 47
AM, 164
ambiguity function, 297
amplitude modulation, 164
anti-Hermitian, 202
area, 191
area, property, 191
arithmetic

modular, xx
Associative Law, 259
autocorrelation function, 280
autocorrelation width, 285

backprojection, 324

band-limited, 170

bandlimited, 184

bandwidth, 170, 190, 279
equivalent, 198
finite, 144

infinite, 144
Bernoulli, 48
Bessel function, 17, 77, 139, 336
Bessinc function, 78
bilateral, 72
Binomial, 48
bit rate, 338
Bohr-Fourier series, 245, 337
box function, 8
boxcar, 43
boxcar window, 43
butterfly pattern, 84

carrier frequency, 164
Cauchy-Schwartz inequality, 281
central limit theorem, 290
central slice theorem, 320
centroid, 196, 338
circular convolution, 258
circularly symmetric, 32
closed interval, xviii
Commutative Law, 259
complete, 146
compression ratio, 158
continuous, 126
convolution, 257, 258, 312
circular, 258
cyclic, 258
convolution and backprojection, 324
convolution identity, 260
convolution integral, 133, 136, 257
convolution sum, 256, 258
convolution, two-dimensional, 312



INDEX

correlation coefficient, 281
Correlation Theorem, 284
cosine transform, 71
countable additivity, 252
countable linearity, 162
crosscorrelation, 279
CTFT, 55

cyclic convolution, 258
cyclic shift, 25

DCT, 71, 78
decimation, 82
deconvolution, 298
delay, 24
delta
Kronecker, 9, 117
Dirac, 9, 223
delta function, 9
Dirac, 260
Kronecker, 260
Derivative Theorem, 187
DFT, 57
inverse, 117
Difference theorem, 187
dilations, 148
dimension, 146
Dirac delta, 9
Dirac delta funtion, 223
Dirichlet kernel, 133, 231
discrete Fourier transform
inverse, 117
distribution, 224
Distributive Law, 259
domain, 1
domain of definition, 1, 3
dot product, 74
doublet, 236
doubly exponential, 48
downsampling, 82, 183
DSB-AM, 164
DSB-SC, 165
DTFT, 55

finite duration, 57
dual, 66

dual convolution theorem, 269, 294

duality, 140

eigenfunction, 272
energy, 166
equivalent bandwidth, 198
equivalent pulse width, 198
equivalent time width, 198
equivalent width, 198
error
mean squared, 156
quantizer, 339
even, Xix
expansions
orthogonal, 155
exponential, 48
discrete time, 8
extended linearity, 162, 252

fast Fourier transform, 82
FFT, 64, 82
filter, 20
filtered backprojection, 326
finite bandwidth, 144
finite duration, 1, 56
finite energy, 95, 97
first moment property, 192
FM, 17, 344
Fourier analysis, xi
Fourier coefficients, 138
Fourier integral, 123
Fourier integral kernel, 136
Fourier series, 120, 121
continuous time, 138
generalized, 147
Fourier transform, 53
2D, 309
continuous time, 55
discrete, 57
discrete time, 55



358

fast, 64
finite duration
discrete time (see DFT), 57

inverse, 115

two-dimensional, 309
Fourier transform pair, 115
Fourier-Bessel transform, 77, 152
frequency, 53
frequency domain signal, 54
frequency modulation, 17, 344
frequency scaling, 177
function, xvii

generalized, 11

box, 8

Gaussian pdf, 48
generalized function, 11, 224
geometric, 48

granular noise, 342

group, 24

Haar wavelet, 148

Hankel transform, 77, 152
hard limiter, 344

harmonic analysis, xi
Hartley transform, 71
Heaviside, 14

Heaviside step function, 14
Hermitian, xx, 280

Hilbert transform, 294
homogeneous, 23

ideal sampling function, 241
IDFT (inverse discrete Fourier trans-
form), 117

imaginary part, xviii

impulse pair, 244

impulse response, 253, 258

impulse train, 238

index set, 1, 3
multidimensional, 2

infinite bandwidth, 144

infinite duration, 1, 56

INDEX

inner product, 74, 147, 168
integral theorem, 274, 275
interpolation, 299, 331
inverse Fourier transform, 115
inversion, 310

inversion problem, 320

Jacobi-Anger expansion, 139
Jacobi-Anger formula, 336
jinc function, 78

JPEG, 159

jump discontinuity, 126

Kronecker delta, 9, 117

lag, 279

Laplace transform, 72

Laplacian, 48

limit in the mean, 95, 97, 103

linear, 22, 251

linear functional, 228

linear modulation, 165

linear operator, 228

linearity, 109, 310
countable, 162
extended, 162, 252

lower limit, 126

LTI, 256

mean, 196
mean square, 95, 97
mean squared abscissa, 196
mean squared error, 156, 158
mean squared width, 286
Mellin transform, 74
memoryless nonlinearity, 334
memoryless system, 20, 334
mesh, 29
modular arithmetic, xx
modulating, 164
Modulation, 164
modulation

amplitude, 164
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frequency, 344

linear, 165

phase, 337
modulation index, 165
moment generating function, 190
moment of inertia, 194
moment theorem, 193
moment theorems, 190
mother wavelet, 148
MSE, 158
multiresolution, 150

natural sampling, 299
nonlinear, 23
nonlinearity
memoryless, 334
Nyquist frequency, 172
Nyquist rate, 172

odd, xx

one-sided, 4, 72

open interval, xviii
orthogonal, 119
orthogonal expansions, 155
orthogonality, 119, 123
orthonormal, 119, 146, 155
overload, 342

PAM, 41, 180, 209
Parseval’s equality, 158
Parseval’s Theorem, 166, 167, 169
Parseval’s theorem, 312
pdf, 47
Laplacian, 48
exponential, 48
Gaussian, 48
uniform, 48
pel, 29
period, 5
periodic extension, 25, 44, 45
periodic signal, 45
phase, xviii
phase modulation, 335, 337
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piecewise continuous, 126
piecewise smooth, 126
pixel, 2, 29
PM, 335
pmf, 47

Bernoulli, 48

doubly exponential, 48

Poisson, 48

Binomial, 48

geometric, 48
Poisson, 48
Poisson summation, 179
Poisson summation theorem, 176
probability density function, 47
probability mass function, 47
progression

geometric, 2, 61
projection, 317, 319
projection-slice theorem, 320, 321
pulse amplitude modulation, 41
pulse width, 190
pulse width, equivalent, 198

quantization, 17
uniform, 338
quantizer error, 339

raster, 2

rate, 338

Rayleigh’s Theorem, 167
Rayleigh’s theorem, 166

real part, xviii

region of convergence (ROC), 72
ROC, 72

sample-and-hold, 41
sampling, 37, 170
sampling frequency, 172
sampling function

ideal, 239
sampling period, 37, 171
sampling theorem, 173
saturation, 342
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scalar product, 74, 147
second moment property, 194
separable signal, 29
sequence, 2
series
Bohr-Fourier, 245, 337
shah function, 244
shift, 24, 311
cyclic, 25
shift invariant, 27
sidebands, 165
sifting property, 223, 225
signal, 1, 3
continuous time, 2
discrete time, 2
finite duration, 1, 2
frequency domain, 54
geometric, 8
infinite duration, 2
periodic, 45
separable, 29
time-limited, 1
even, xix
infinite duration, 1
odd, xx
signum, 217
similarity, 311
sinc, 11, 18
sine transform, 71

single-sideband modulation, 294

space invariant, 314
spectrum, 53, 54

SSB, 294

stationary, 27

stretch, 311

stretch theorem, 181
subband filtering, 151
subsampling, 82
superposition integral, 255
superposition property, 161
superposition summation, 254
symmetry, 310

INDEX

system, 20
memoryless, 20, 334
linear, 22
system function, 272
systems, 19

Taylor series, 238
time invariant, 27, 334
time series, 2
time width
equivalent, 198
time-limited, 1
Toeplitz function, 254
transfer function, 272
transform
z, 53
cosine, 71
discrete cosine, 78
Fourier, 53
Fourier-Bessel, 77
Hankel, 77
Mellin, 74
multidimensional, 74
sine, 71
Fourier-Bessel, 152
Hankel, 152
Hartley, 71
Hilbert, 294
transform coding, 158
transform method, 335
triangle, 14
trigonometric series representation,
138
two-dimensional convolution, 312
two-dimensional Fourier transform,
309
two-sided, 4, 72

uncertainty product, 287
uncertainty relation, 287
uniform, 48

uniform quantization, 338
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unilateral, 72

unit impulse function, 223
unit sample, 9

unit sample response, 253
unit step, 11

unitary, 119

upper limit, 126
upsampling, 187

variance, 196

waveform, 2

wavelet, 147
Haar, 148

wedge, 14

Whittaker-Shannon-Kotelnikov sam-
pling theorem, 173

width
autocorrelation, 285
mean squared, 286
window, 43
windowing, 43

zero filling, 44
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